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TWISTED ALEXANDER POLYNOMIALS, CHARACTER VARIETIES AND
REIDEMEISTER TORSION OF DOUBLE BRANCHED COVERS
YOSHIKAZU YAMAGUCHI
Abstract. We give an extension of Fox’s formula of the Alexander polynomial for double
branched covers over the three–sphere. Our formula provides the Reidemeister torsion of
a double branched cover along a knot for a non–trivial one dimensional representation by
the product of two factors derived from the knot group. One of the factors is determined
by the twisted Alexander polynomial and the other is determined by a rational function on
the character variety. As an application, we show that these products distinguish isotopy
classes of two–bridge knots up to mirror images.
1. Introduction
This paper is intended as an extension of Fox’s formula of the Alexander polynomial
for knots in the theory of Reidemeister torsion. Fox’s formula is an application of the
Alexander polynomial, which gives a bridge between the three–dimensional topology and
the knot theory. This means that Fox’s formula provides a computation method to deter-
mine the order of the first homology group of a finite cyclic cover Σn over S 3 branched
along a knot K when Σn is a rational homology sphere. It is expressed as
|H1(Σn;Z)| =
n−1∏
ℓ=0
∆K(e
2π
√
−1ℓ
n )
where∆K(t) is the Alexander polynomial of K. This formula has been extended to links and
finite abelian branched covers, which is due to [MM82]. Fox’s formula was also extended
for links and finite abelian branched covers over integral homology spheres as an equality
of Reidemeister torsions by J. Porti [Por04].
From the viewpoint of Reidemeister torsion, we can regard Fox’s formula as a frame-
work connecting two Reidemeister torsions of a cyclic branched cover and a knot exterior.
In such framework, we start with adopting the definition of the Alexander polynomial as
the order of the first homology group of a knot exterior, whose coefficient of the Laurent
polynomial ring Z[t, t−1]. We deduce Fox’s formula from the Alexander polynomial of lift
K̂ of a knot K in a cyclic branched cover Σn. We can also define the Alexander polynomial
of K̂ as the order of the first homology group of the knot exterior with coefficient Z[t, t−1].
The knot exterior of K̂ is the cyclic cover over the knot exterior of the given knot K. It is
known that the following relation holds between those orders of homology groups with the
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coefficient Z[t, t−1] (see [Tur86, Theorem 1.9.2]):
∆K̂(t) =
n−1∏
ℓ=0
∆K(e 2π
√
−1ℓ
n t)
where ∆K̂(t) is the Alexander polynomial of the knot in Σn. Evaluating at t = 1, the orders
∆K̂(t) and ∆K(t) of the first homology groups for the knot exteriors turn into the orders of
H1(Σn;Z) and H1(S 3;Z). In the above situation, the Alexander polynomials and the order
of H1(Σn;Z) can be regarded as Reidemeister torsions (we refer to [Tur86, Por04]). To be
more precise, the order of H1(Σn;Z) is defined as the Reidemeister torsion by the trivial
GL1(C)-representation of π1(Σn).
The purpose of this paper is to provide an extension of the framework for Fox’s formula
by changing the trivial GL1(C)-representation in the Reidemeister torsion of Σ2 to non–
trivial GL1(C)-representations. We will discuss our extension for double branched covers
Σ2. Since Fox’s formula shows that every double branched cover is a rational homology
sphere, our main concern is double branched covers Σ2 with non–trivial H1(Σ2;Z). It is
natural to begin our extension with the twisted Alexander polynomial as a twisted topo-
logical invariant corresponding to the Alexander polynomial. Here a twisted topological
invariant means a topological invariant defined by linear representations of fundamental
groups.
Our extension consists of three steps: First we need to find homomorphisms of the
knot group, corresponding to a non–trivial GL1(C)-representation of π1(Σ2). From the au-
thor’s previous work [NY], we can choose irreducible metabelian representation of the
knot group into SL2(C) as corresponding homomorphisms. In the second step, we have
to express the twisted Alexander polynomial of the knot in Σ2. We can use the similar
formula to the Alexander polynomial, according to [DY12]. Last, we must consider an ap-
propriate evaluation of the twisted Alexander polynomial of the knot in Σ2. Actually, in the
evaluation, we need an additional term to correct the evaluation of the twisted Alexander
polynomial. Roughly speaking, the special value of twisted Alexander polynomial gives
a Reidemeister torsion defined by some cotangent vector of the character variety but this
cotangent vector does not coincides with the desired framing to give the Reidemeister tor-
sion for Σ2 and ξ. To resolve such difference between cotangent vectors on the character
variety, we need to a rational function, which measures the ratio of two cotangent vectors,
on the character variety. As a result, we will obtain the following equality (for precise
statement, we refer to Theorem 3.33) to compute the Reidemeister torsion for Σ2 and a
non–trivial GL1(C)-representation ξ:
|Tor(Σ2;Cξ)|2 = | P(1)2 · F([ρ′]) |, P(1) = lim
t→1
∆EK ,α⊗ρ(
√
−1t)
t2 − 1
where ∆EK ,α⊗ρ(t) denotes the twisted Alexander polynomial of K for an irreducible SL2(C)-
representation of π1(EK) corresponding to ξ, which is called metabelian, and F denotes
a rational function on the SL2(C)-character variety and F([ρ′]) is the value of F at the
conjugacy class of another irreducible metabelian representation of π1(EK) associated with
ρ by the adjoint action on the Lie algebra sl2(C). This theorem allows us to compute the
Reidemeister torsion for Σ2 and ξ by the knot group and SL2(C)-representations.
In the last section, we will see an application of our main theorem, which shows that
we can distinguish two–bridge knots by the twisted Alexander polynomial and the rational
functions F on the character varieties, up to mirror images. This is due to the two facts:
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(1) We have the one–to–one correspondence between isotopy classes of two–bridge
knots and homeomorphism classes of double branched covers, i.e., lens spaces.
(2) We can derive the condition to classify homeomorphism classes of lens spaces
from the values of Reidemeister torsion of lens spaces as in our main theorem.
We will also discuss how to compute the rational functions F on character varieties for
two–bridge knots.
Our method also works for knots in integral homology three spheres. For the simplicity,
we will focus on knots in S 3.
This paper is organized as follows. In Section 2, we review the Reidemeister torsion
associated to twisted chain complexes with nontrivial homology groups and properties of
character varieties, which are needed throughout our observation. We discuss twisted chain
complexes and the associated Reidemeister torsion in details and show our main theorem
which gives a connection between the twisted Alexander polynomial of a knot and the
Reidemeister torsion of double branched cover along the knot under some conditions in
Section 3. Last, Section 4 reveals that all two–bridge knots satisfy the conditions required
in our main theorem and we can obtain the numerical invariant which classifies two–bridge
knots up to mirror images.
2. Preliminaries
2.1. Torsion for chain complexes. Torsion is an invariant defined for a based chain com-
plexes. We denote by C∗ the based chain complex:
C∗ : 0 → Cn ∂n−→ Cn−1 ∂n−1−−→ · · · ∂2−→ C1 ∂1−→ C0 → 0
where each chain module Ci is a vector space over a field F and equipped with a basis ci.
The chain complex C∗ also has a basis determined by the boundary operators ∂i, which
arises from the following decomposition of chain modules. Roughly speaking, torsion
provides a property of a chain complex in the difference between a given basis and new
one determined by the boundary operators.
For each boundary operator ∂i, let Zi ⊂ Ci denote the kernel and Bi ⊂ Ci−1 the image by
∂i. The chain module Ci is expressed as the direct sum of Zi and the lift of Bi, denoted by
˜Bi. Moreover we can decompose the kernel Zi into the direct sum of Bi+1 and the lift ˜Hi of
homology group Hi(C∗):
Ci = Zi ⊕ ˜Bi
= ∂i+1 ˜Bi+1 ⊕ ˜Hi ⊕ ˜Bi
where Bi+1 is written as ∂i+1 ˜Bi+1.
We denote by ˜bi a basis of ˜Bi+1. Choosing a basis hi of the i-th homology group Hi(C∗),
we can take a lift ˜hi of hi in Ci. Then the set ∂i+1( ˜bi+1) ∪ ˜hi ∪ ˜bi forms a new basis of
the vector space Ci. We define the torsion of C∗ as the following alternating product of
determinants of base change matrices:
(1) Tor(C∗, c∗, h∗) =
∏
i≥0
[
∂i+1( ˜bi+1) ∪ ˜hi ∪ ˜bi/ci
](−1)i+1 ∈ F∗ = F \ {0}
where [∂i+1( ˜bi+1) ∪ ˜hi ∪ ˜bi/ci] denotes the determinant of base change matrix from ci to
∂i+1( ˜bi+1) ∪ ˜hi ∪ ˜bi.
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Note that the right hand side is independent of the choice of bases ˜bi and the lift of hi.
The alternating product in (1) is determinant by the based chain complex (C∗, c∗) and the
basis h∗ = ∪i≥0hi.
2.2. Reidemeister torsion for CW–complexes. We will consider torsion of twisted chain
complexes given by a CW–complex and a representation of its fundamental group in this
paper. Let W denote a finite CW–complex and (V, ρ) a representation of π1(W), which
means V is a vector space over C and ρ is a homomorphism from π1(W) into GL(V) and is
referred as a GL(V)-representation ρ.
Definition 2.1. We define the twisted chain complex C∗(W; Vρ) which consists of the
twisted chain module as:
Ci(W; Vρ) := V ⊗Z[π1(W)] Ci(W˜;Z)
where W˜ is the universal cover of W and Ci( ˜W;Z) is a left Z[π1(W)]-module given by the
covering transformation of π1(W). In taking the tensor product, we regard V as a right
Z[π1]-module under the homomorphism ρ−1. We identify a chain v⊗ γc with ρ(γ)−1(v)⊗ c
in Ci(W; Vρ).
We call C∗(W; Vρ) the twisted chain complex with the coefficient Vρ and denote by
H∗(W; Vρ) the homology group, which is called the twisted homology group. We will drop
the subscript ρ for simplicity when there exists no risk of ambiguity.
Choosing a basis of the vector space V , we give a basis of the twisted chain complex
C∗(W; Vρ). To be more precise, let {ei1, . . . , eimi} be the set of i-dimensional cells of W and
{v1, . . . , vd} a basis of V where d = dimF V . Choosing a lift e˜ij of each cell and taking tensor
product with the basis of V , we have the following basis of Ci(W; Vρ):
ci(W; V) = {v1 ⊗ e˜i1, . . . , vd ⊗ e˜i1, . . . , v1 ⊗ e˜imi , . . . , vd ⊗ e˜imi}.
To define the Reidemeister torsion for W and (V, ρ), we require that V has a inner product
and the basis {v1, . . . , vd} is orthonormal. Regarding C∗(W; Vρ) as a based chain complex,
we define the Reidemeister torsion for W and (V, ρ) as the torsion of C∗(W; Vρ) and a basis
h∗ of H∗(W; Vρ), i.e.,
Tor(W; Vρ, h∗) = Tor(C∗(W; Vρ), c∗(W; V), h∗) ∈ F∗
up to a factor in {± det(ρ(γ)) | γ ∈ π1(W)} since we have many choices of lifts e˜ij and orders
and orientations of cells eij.
Remark 2.2. We remark how to avoid indeterminacy of torsion Tor(W; Vρ, h∗).
• If the Euler characteristic χ(W) of a CW–complex W is zero, we can drop the
assumption that {v1, . . . , vd} is orthonormal. This follows from that the torsion
defined by another basis {u1, . . . , ud} is expressed as the product of the torsion
Tor(C∗(W; Vρ), c∗(W; V), h∗) defined by {v1, . . . , vd} with the following factor:
[{u1, . . . , ud}/{v1, . . . , vd}]−χ(W).
• If we choose an SL(V)-representation ρ, then Tor(W; Vρ, h∗) is determined up to a
sign.
It is also worth noting that the Reidemeister torsion has an invariance under the con-
jugation of representations ρ. We often observe the Reidemeister torsion after choosing
a representation in the conjugacy class of a given representation. When bases c∗(W; V)
and h∗ are clear from the context, we abbreviate the notation Tor(C∗, c∗, h∗) to Tor(C∗)
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and Tor(W; Vρ, h∗) to Tor(W; Vρ). For more details on Reidemeister torsion, we refer to
Turaev’s book [Tur01] and Milnor’s survey [Mil66].
2.3. Non–abelian Reidemeister torsion and Twisted Alexander polynomial. We will
mainly observe the Reidemeister torsion of knot exteriors and the twisted chain complexes
with the coefficient sl2(C). Let EK denote the knot exterior S 3 \ N(K) where K is a knot
in S 3 and N(K) is an open tubular neighbourhood. From now on, we use the symbol ρ for
an SL2(C)-representation of a knot group π1(EK). Taking the composition with the adjoint
action of SL2(C) on the Lie algebra sl2(C), we have a representation (sl2(C), Ad ◦ ρ) of
π1(EK) as follows:
Ad ◦ ρ : π1(EK) → SL2(C) → Aut(sl2(C))(2)
γ 7→ ρ(γ) 7→ Adρ(γ) : v 7→ ρ(γ) v ρ(γ)−1.
It is called the adjoint representation of ρ. We regard the vector space sl2(C), consisting
of trace–free 2 × 2-matrices, as the right Z[π1(EK)]-module via the action Ad ◦ ρ−1. The
following basis will be referred as the standard basis of 3-dimensional vector space sl2(C):
(3)
{
E =
(
0 1
0 0
)
, H =
(
1 0
0 −1
)
, F =
(
0 0
1 0
)}
.
Note that one can show that AdA has the eigenvalues z±2 and 1 when an SL2(C)-element A
has the eigenvalues z±1. Hence Ad ◦ ρ gives an SL3(C)-representation of π1(EK).
We will observe the torsion of the twisted chain complex C∗(EK ; sl2(C)) defined by
the composition Ad ◦ ρ. Since the twisted homology group H∗(EK ; sl2(C)) is non–trivial,
we need to choose a basis of H∗(EK ; sl2(C)) to define the torsion of C∗(EK ; sl2(C)). The
twisted homology group H∗(EK ; sl2(C)) depends on the choice of SL2(C)-representations
ρ. We follow notion [Dub05, Yam08] of SL2(C)-representations concerning a basis of
H∗(EK ; sl2(C)), which was introduced by J. Porti [Por97].
First, we recall the notion of irreducible and reducible representations. When there
exists a proper invariant line in C2 under the action of the image ρ(π1(EK)), we say that ρ
is reducible. If an SL2(C)-representation ρ is not reducible, then ρ is referred to as being
irreducible. We are not concerned with reducible SL2(C)-representation of π1(EK).
Definition 2.3. Let γ be a closed curve on ∂EK . An SL2(C)-representation ρ of π1(EK) is
γ-regular if ρ is irreducible and satisfies the following conditions:
(1) dimC H1(EK ; sl2(C)) = 1;
(2) the inclusion map from γ into EK induces the surjective homomorphism from
H1(γ; sl2(C)) onto H1(EK ; sl2(C)), where H1(γ; sl2(C)) is the homology group of
twisted chain complex for γ and the restriction of ρ on the subgroup 〈γ〉 ⊂ π1(EK);
(3) if tr ρ(γ′) = ±2 for all γ′ ∈ π1(∂EK), then ρ(γ) , ±1.
Lemma 2.4 (Lemma 2.6.5 in [Yam08]). Under the assumption of Definition 2.3, if ρ is
γ-regular, then the induced homomorphism from H2(∂EK ; sl2(C)) to H2(EK ; sl2(C)) is an
isomorphism, where H2(∂EK ; sl2(C)) is the homology group of twisted chain complex for
∂EK and the restriction ρ on π1(∂EK).
For an explicit basis of H∗(∂EK; sl2(C)), see [Yam08, Lemma 2.6.2] and [Por97, Propo-
sition 3.18].
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Proposition 2.5. Let γ be a closed loop on ∂EK , If ρ is γ-regular, then we can choose the
following basis of the twisted homology group H∗(EK ; sl2(C)):
(4) H∗(EK ; sl2(C)) =

[Pρ ⊗ T 2] (∗ = 2)
[Pρ ⊗ γ] (∗ = 1)
0 (otherwise)
where we use the same notation for the lifts of chains to the universal cover E˜K for the
simplicity.
Let µ and λ denote a meridian and a corresponding preferred longitude on ∂EK . We
will focus on µ-regular and λ-regular representation of π1(EK). We refer to [Yam08, Sec-
tion 2.6] as an exposition.
Definition 2.6. We assume that ρ is γ-regular for a closed loop on ∂EK . Then we will
consider the Reidemeister torsion for EK and the representation (sl2(C), Ad ◦ ρ−1) with the
basis as in Eq. (4) and write it simply Tor(EK ; sl2(C)).
We also review the twisted Alexander polynomial in the context of Reidemeister torsion.
Let C(t) be the rational functional field with a variable t. We denote by α the abelianization
homomorphism of π1(EK), i.e.,
α : π1(EK) → H1(EK ;Z) = 〈t〉,
which sends µ to t.
For an SL2(C)-representation ρ of π1(EK), the tensor product α ⊗ Ad ◦ ρ−1 gives an
action of π1(EK) on the vector space C(t) ⊗C sl2(C) over the rational function field C(t).
Extending the action defined by α ⊗ Ad ◦ ρ−1 to the group ring Z[π1(EK)] linearly, we can
construct the following chain complex:
C∗(EK ;C(t) ⊗ sl2(C)) = (C(t) ⊗ sl2(C)) ⊗Z[π1(EK )] C∗(E˜K ;Z).
If the chain complex C∗(EK ;C(t)⊗ sl2(C)) is acyclic, then the torsion Tor(C∗(EK ;C(t)⊗
sl2(C))) is defined as en element in C(t) \ {0} up to a factor ±tk (k ∈ Z). According to the
observation by [KL99, Section 4], this torsion Tor(C∗(EK ;C(t) ⊗ sl2(C))) can be regarded
as the twisted Alexander polynomial of K and Ad ◦ ρ, defined by X-S. Lin [Lin01] and
M. Wada [Wad94].
Definition 2.7. Suppose that the chain complex C∗(EK ;C(t) ⊗ sl2(C)) is acyclic. Then we
call Tor(C∗(EK ;C(t) ⊗ sl2(C))) the twisted Alexander polynomial for K and Ad ◦ ρ and
denote it by ∆EK ,α⊗Ad◦ρ(t).
Remark 2.8. By the definition due to Wada, we can compute ∆EK ,α⊗Ad◦ρ(t) by Fox differ-
ential calculus with a presentation of π1(EK). The twisted Alexander polynomial is usually
easy to compute, compared to the Reidemeister torsion Tor(EK ; sl2(C)).
2.4. Character varieties. We review the SL2(C)-character varieties of knot groups briefly.
It is known that the twisted homology group H1(EK ; sl2(C)) is isomorphic to the Zariski
cotangent space of the character variety of π1(EK) if ρ is irreducible and satisfies the con-
ditions (1) & (3) in Definition 2.3. When we consider a base change in H1(EK ; sl2(C)), it is
helpful to use the geometric properties and regular functions on the character variety. We
start with the definition of character varieties as sets.
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Definition 2.9. We denote by R(π1(EK), SL2(C)) the set of SL2(C)-representations of a
knot group π1(EK). Choosing an SL2(C)-representation ρ, we call the following map χρ
the character of ρ:
χρ : π1(EK) → C
γ 7→ tr ρ(γ).
The set {χρ | ρ ∈ R(π1(EK), SL2(C))} of characters is denoted by X(EK).
According to M. Culler and P. Shalen [CS83], the set X(EK) consists of several com-
ponents which have structures of affine variety. We call X(EK) the character variety of
π1(EK). The character variety is referred as the algebraic–quotient of the representation
variety R(π1(EK), SL2(C)) under the action of SL2(C) by conjugation.
We mainly deal with irreducible SL2(C)-representations and their characters. We will
write Xirr(EK) for the subset in X(EK), consisting of irreducible characters, which means
the characters of irreducible SL2(C)-representations of π1(EK).
Remark 2.10. By [CS83, Proposition 1.5.2], we can regard Xirr(EK) as the set of con-
jugacy classes of irreducible SL2(C)-representations of π1(EK). This is due to [CS83,
Proposition 1.5.2] which means that if irreducible representations ρ and ρ′ give the same
character, then they are conjugate to each other. We can think of Xirr(EK) as a parameter
space of Reidemeister torsion for irreducible SL2(C)-representations of π1(EK).
In general, we have the following inequalities of dimensions related to the character
variety X(EK):
dimC X(EK) ≤ dimC T Zarχρ X(EK) ≤ dimC H1(EK ; sl2(C))(= dimC H1(EK ; sl2(C)))
where T Zarχρ X(EK) is the Zariski tangent space at χρ (we refer to [Por97, Section 3.1.3]) and
the last equality is due to the universal coefficient theorem. The first equality holds when
χρ is a smooth point and second equality holds when ρ is irreducible.
Remark 2.11. According to [Por97, Proposition 3.5], if ρ is irreducible, then we can iden-
tify H1(EK ; sl2(C)) with the dual space of Zariski tangent space T Zarχρ X(EK).
The structure of X(EK) as affine variety arises from functions defined as the evaluation
for each γ ∈ π1(EK):
X(EK) → C(5)
χρ 7→ χρ(γ) = tr ρ(γ).
The appropriate set of N elements in π1(EK) forms an embedding to the affine space CN
and its image turns into a closed algebraic set, which gives a structure of affine variety to
X(EK).
Definition 2.12. We will write Iγ for the function in Eq. (5) and call it the trace function
of γ ∈ π1(EK).
We also review the symmetry of SL2(C)-character varieties under an involution. We
will focus irreducible SL2(C)-representations of knot groups, whose characters are charac-
terized as the fixed point set by the involution. Such involution is given by multiplying the
following GL1(C)-representation of π1(EK) into {±1}:
(−1)[ · ] : π1(EK) → {±1} ⊂ C
γ 7→ (−1)[γ]
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where [γ] is an integer corresponding to the homology class of γ under the identification
H1(EK ;Z) ∋ µ 7→ 1 ∈ Z. For every SL2(C)-representation ρ of π1(EK), the product
(−1)[ · ] · ρ also gives an SL2(C)-representation. This multiplication gives an involution on
R(π1(EK), SL2(C)) and also induces an involution on the character variety X(EK), which
sends χρ to χ(−1)[ · ]ρ = (−1)[ · ]χρ, since (−1)[ · ] commutes with conjugation. We denote
by ιˆ this involution. The involution ιˆ has the fixed point set on Xirr(EK) unless the knot
determinant ∆K(−1) is ±1.
Proposition 2.13 (Proposition 3 in [NY]). If the knot determinant ∆K(−1) is not equal to
±1, then the involution ιˆ on Xirr(EK) has finite fixed points consisting of all characters of
irreducible metabelian representations, whose number is equal to (|∆K(−1)| − 1)/2.
We will review the definition of metabelian in the subsequent Section 3.1. Propo-
sition 2.13 means that every irreducible metabelian representation ρ is conjugate to the
product (−1)[ · ]ρ.
3. Main results
We will describe the Reidemeister torsion of double branched covers Σ2 over S 3 along
knots K. It is known that every double branched cover Σ2 is a rational homology three
sphere since the order is determined by ∆K(−1). In this section, we suppose that the ho-
mology group H1(Σ;Z) is non–trivial since we consider the Reidemeister torsion of Σ2
defined by abelian representations of π1(Σ2). This means that we consider knots whose de-
terminants are not equal to ±1. We derive the Reidemeister torsion of Σ2 from the Mayer–
Vietoris argument for local systems induced by the following decomposition:
Σ2 = ÊK ∪ D2 × S 1
where ÊK is the cyclic 2–fold cover of EK and the meridian disk ∂D2 × {∗} is glued with
the lift of µ2. We will see the Reidemeister torsion of Σ2 is given by the product of Reide-
meister torsions of ÊK and the Mayer–Vietoris homology exact sequence in the following
Subsection 3.2. In Subsections 3.3 and 3.4, we will discuss how to derive the Reidemeister
torsions of ÊK and the homology exact sequence with the twisted Alexander polynomial
and the character variety of π1(EK).
3.1. Correspondence of representations. We consider double branched covers Σ2 of S 3
with non–trivial first homology group H1(Σ2;Z). Since the order of H1(Σ2;Z) is finite, we
have finite abelian representations ξ from π1(Σ2) into GL1(C) = C\{0}. Such representation
ξ gives a local system of Σ2 and we describe Mayer–Vietoris exact sequences for local
systems determined by ξ, induced from the decomposition Σ2 = ÊK ∪ D2 × S 1 where ÊK
is the 2–fold cover over EK as in the following diagram:
µ̂ ⊂ ÊK //

Σ2

µ2 ⊂ EK // S 3
where µ̂ is the lift of µ2. Since our main concern is a relation between Reidemeister torsions
of Σ2 and EK , we will also express a local system of ÊK as a direct sum of local systems of
EK .
First of all, we recall what kind of representations of the knot group π1(EK), which
corresponds to the GL1(C)-representations of π1(Σ2).
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Proposition 3.1 (Theorem 1 in [NY]). We have the following one to one correspondence
between conjugacy classes of SL2(C)-representations:
{ξ ⊕ ξ−1 : π1(Σ2) → SL2(C) | ξ : π1(Σ2) → GL1(C)} / conj.
1 : 1←→ {ρ : π1(EK) → SL2(C) | tr ρ(µ) = 0, ρ : metabelian} / conj.
In particular, the number of conjugacy classes is equal to 12 (|∆K(−1)| − 1) + 1 where ∆K(t)
is the Alexander polynomial of K.
In the context of character varieties, conjugacy classes should be replaced with char-
acters. An SL2(C)-representation is called metabelian when the image of commutator
subgroup [π1(EK), π1(EK)] is an abelian subgroup in SL2(C).
Remark 3.2. By [NY, Lemma 9 and Proposition 4] or [Nag07, Proposition 1.1], every
irreducible metabelian representation ρ satisfies that tr ρ(µ) = 0. Every non–trivial homo-
morphism ξ of π1(Σ2) corresponds to an irreducible metabelian representation of π1(EK).
The number of conjugacy classes is given by 12 (|∆K(−1)| − 1).
To describe the relation between local systems, we review the map giving the corre-
spondence in Proposition 3.1 (we refer to [NY, Section 5]).
Let p denote the induced homomorphism from π1(ÊK) to π1(EK). This homomor-
phism p sends µ̂ to µ2. The pull–back of ρ gives an SL2(C)-representation p∗ρ of π1(ÊK).
Since this representation p∗ρ sends µ̂ to −1, we need a sign refinement to give an SL2(C)-
representation of π1(Σ2), which is induced from the following 1-dimensional representa-
tion: (√
−1
)[ · ]
: π1(EK) → GL1(C)
γ 7→
(√
−1
)[γ]
where [γ] denotes an integer corresponding to the homology class under the isomorphism
H1(EK ;Z) ∋ µ 7→ 1 ∈ Z.
The product of (√−1)p∗[ · ] and p∗ρ defines an SL2(C)-representation of π1(Σ2). Here we
identify the fundamental group π1(Σ2) with the quotient group π1(ÊK)/〈〈 µ̂ 〉〉 where 〈〈 µ̂ 〉〉
denotes the normal closure of µ̂.
Definition 3.3. We say that an irreducible metabelian SL2(C)-representation ρ corresponds
to ξ if (√−1)p∗[ · ]·p∗ρ induces the diagonal representation ξ ⊕ ξ−1 on π1(Σ2).
We need to consider the relation of local systems of Σ2 and EK given by the SL2(C)-
representation ξ ⊕ ξ−1 and the GL2(C)-representation (
√−1)[ · ] ρ. From [Yam, Section 3.2
and 4.2], we can see that the adjoint representation defined as Eq. (2) is useful for this
purpose as follows. We can find the 2-dimensional representation (√−1)[ · ] ρ as a direct
summand in the adjoint representation for another irreducible metabelian representation of
π1(EK).
Lemma 3.4. For every irreducible metabelian SL2(C)-representation ρ of the knot group
π1(EK), there exists another irreducible metabelian representation ρ′ and an SL2(C)-matrix
C satisfying the following decomposition:
Ad ◦ ρ′ = (−1)[ · ] ⊕ C (√−1 )[ · ]ρC−1.
where the equality holds for the ordered basis {H, E, F} of sl2(C).
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Proof. Since tr ρ(µ) = 0, we can choose C ∈ SL2(C) satisfying
Cρ(µ)C−1 =
(
0
√
−1√
−1 0
)
.
From [Yam, Proposition 3.14], we can decompose the adjoint representation of each irre-
ducible metabelian representation into ψ1 ⊕ ψ2 where ψ1 is 1-dimensional representation
(−1)[ · ] and ψ2 is 2-dimensional one. To be more precise, we can choose a representative in
the conjugacy class of irreducible metabelian representations, whose adjoint representation
decomposes sl2(C) into V1 ⊕ V2 where V1 = 〈H〉 and V2 = 〈E, F〉.
It also follows from [Yam, Proposition 3.12 and the sequel of Eq. (11)] that there exists
another metabelian SL2(C)-representation ρ′ such that each summand ψ1 and ψ2 in Ad ◦ ρ′
send the meridian µ to the matrices −1 and
(
0 −1
−1 0
)
and the commutator subgroup into
{1} and the abelian subgroup in SL2(C), given by the image of ρ. 
Remark 3.5. In Proposition 3.4, two irreducible metabelian representation ρ and ρ′ are
usually contained in distinct conjugacy classes of SL2(C)-representations of π1(EK) since
they have the different image of the commutator subgroup. We refer to [Yam, Section 5]
for explicit examples.
Definition 3.6. Here and subsequently, we always use the symbol ρ to denote an irre-
ducible metabelian SL2(C)-representation of π1(EK) which sends the meridian µ to the ma-
trix
(
0
√
−1√
−1 0
)
. We will denote by ψ1 and ψ2 the 1-dimensional representation given
by (−1)[ · ] and the 2-dimensional one given by (√−1)[ · ] ρ for an irreducible metabelian
SL2(C)-representation ρ of π1(EK).
Under the assumption in Definition 3.6, every metabelian representation ρ sends the
commutator subgroup into the maximal abelian subgroup consisting diagonal matrices in
SL2(C). We summarize the properties of the adjoint representation Ad ◦ ρ′ in Lemma 3.4.
Remark 3.7. Suppose that ρ corresponds to ξ : π1(Σ2) → GL1(C).
• The pull–back p∗(Ad ◦ ρ′) sends µ̂ to the identity matrix.
• The pull–back p∗(Ad ◦ ρ′) turns out to be an SL3(C)-representation (−1)p∗[ · ]⊕
(√−1)p∗[ · ] p∗ρ of π1(ÊK). Since p∗[ · ] maps π1(ÊK) onto 2Z, the pull–back p∗(Ad ◦
ρ′) induces the diagonal representation 1⊕ (ξ⊕ ξ−1) on π1(Σ2). Here 1 denotes the
trivial 1-dimensional representation.
• Since a preferred longitude λ is included in the second commutator subgroup,
every metabelian representation send λ to the identity matrix. Hence the restriction
of p∗(Ad ◦ ρ′) on π1(∂ÊK) is the trivial 3-dimensional representation.
We will identify µ̂ with µ2 in π1(EK) under the injective homomorphism p.
3.2. Mayer–Vietoris argument. When we consider the local system of ÊK induced by
the pull–back p∗(Ad ◦ ρ′), we can extend this local system to that of Σ2 by Lemma 3.4. We
also define local systems on the boundary torus ∂ÊK and the attached solid torus Σ2\int(ÊK)
by the restrictions of local system of Σ2. Note that the coefficients of these local systems
are sl2(C). From the decomposition Σ2 = ÊK ∪ D2 × S 1, we have the short exact sequence
of local systems with the coefficient sl2(C):
(S) 0 → C∗(T̂ 2; sl2(C)) → C∗(ÊK ; sl2(C)) ⊕C∗(D2 × S 1; sl2(C)) → C∗(Σ2; sl2(C)) → 0
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where T̂ 2 denotes the boundary torus ∂ÊK .
We can see that the two chain complexes for T̂ 2 and D2 × S 1 are determined by the
usual chain complex with the coefficient C since the restriction of p∗(Ad ◦ ρ′) on each
fundamental group is trivial as in Remark 3.7 .
Lemma 3.8. In the short exact sequence (S), the chain complexes C∗(T̂ 2; sl2(C)) and
C∗(D2 × S 1; sl2(C)) turns into sl2(C) ⊗C C∗(T 2;C) and sl2(C) ⊗C C∗(D2 × S 1;C).
We also show the decomposition of C∗(Σ2; sl2(C)) used in the remain of this subsection.
Lemma 3.9. The twisted chain complex C∗(Σ2; sl2(C)) is decomposed into the following
direct sum;
C∗(Σ2;C) ⊕ C∗(Σ2;Cξ) ⊕ C∗(Σ2;Cξ−1 ).
The last summand C∗(Σ2;Cξ−1 ) coincides with C∗(Σ2;C¯ξ) where ¯ξ denotes the complex
conjugate representation of ξ.
Proof. Since the pull–back p∗(Ad ◦ ρ′) gives the diagonal representation 1 ⊕ (ξ ⊕ ξ−1)
of π1(Σ2), the twisted chain complex C∗(Σ; sl2(C)) turns into the direct sum C∗(Σ2;C) ⊕
C∗(Σ2;Cξ) ⊕ C∗(Σ2;Cξ−1 ). Since H1(Σ2;Z) is finite, the representation ξ−1 agrees with the
complex conjugate ¯ξ. 
To express the homology groups, let us introduce the notations for cycles in the twisted
chain complex C∗(T 2; sl2(C)) as in Figure 1:
Figure 1. The symbol m denotes a lift of the meridian µ and a lift of
longitude λ is denoted by the same symbol.
Note that the chains corresponding to µ̂ and T̂ 2 is expressed as m+ µ ·m and T 2 + µ · T 2
tensored with a vector of sl2(C) in sl2(C) ⊗
Z[π1(T̂ 2)] C∗(T˜
2;Z) where T˜ 2 is the universal
cover of T 2 = ∂EK . We will denote lifts of chains briefly by the same symbols when no
confusion can arise.
The homology groups of C∗(T̂ 2; sl2(C)) and C∗(D2×S 1; sl2(C)) are expressed as follows.
Lemma 3.10.
H∗(T̂ 2; sl2(C)) =

sl2(C) ⊗ T̂ 2 (∗ = 2)
sl2(C) ⊗ µ̂ ⊕ sl2(C) ⊗ λ (∗ = 1)
sl2(C) ⊗ pt (∗ = 0)
0 otherwise,
H∗(D2 × S 1; sl2(C)) =

sl2(C) ⊗ λ (∗ = 1)
sl2(C) ⊗ pt (∗ = 0)
0 otherwise.
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The short exact sequence (S) induces the Mayer–Vietoris long exact sequence of ho-
mology groups with sl2(C)-coefficient:
(H) · · · → Hi+1(Σ) → Hi(T̂ 2) → Hi(ÊK) ⊕ Hi(D2 × S 1) → Hi(Σ2) → · · ·
We can deduce the twisted homology groups H∗(Σ2; sl2(C)) and H∗(ÊK ; sl2(C)) from
the Mayer–Vietoris exact sequence (H).
Proposition 3.11. Let ρ be an irreducible metabelian SL2(C)-representation of π1(EK) and
ρ′ another one as in Lemma 3.4. If the twisted chain complex C∗(Σ2;Cξ) is acyclic, then
the twisted homology groups of C∗(Σ2; sl2(C)) and C∗(ÊK ; sl2(C)) is expressed as follows:
H∗(Σ2; sl2(C)) ≃
V1 (∗ = 0, 3)0 otherwise, H∗(ÊK ; sl2(C)) ≃

V2 (∗ = 2)
sl2(C) (∗ = 1)
V1 (∗ = 0)
0 otherwise.
where V1 and V2 denote the 1-dimensional subspace and 2-dimensional one of sl2(C) cor-
responding to the representation Ad ◦ ρ′ = ψ1 ⊕ ψ2 of π1(EK).
Proof. Lemma 3.9 gives the decomposition C∗(Σ2; sl2(C)) = C∗(Σ2;C) ⊕ C∗(Σ2;Cξ) ⊕
C∗(Σ2;C¯ξ) where the coefficient of C∗(Σ2;C) corresponds to the subspace V1 in sl2(C). By
definition, the twisted chain complex C∗(Σ2;C¯ξ) is also acyclic when C∗(Σ2;Cξ) is acyclic.
Hence H∗(Σ2; sl2(C)) coincides with H1(Σ2;C) and it is expressed as in our statement. The
homology group H∗(ÊK ; sl2(C)) follows from the Mayer-Vietoris exact sequence (H) and
Lemma 3.10. 
Remark 3.12. In Proposition 3.11, the basis of H∗(Σ2; sl2(C)) is given by the fundamental
cycle and the base point of Σ2. Also the generators of H∗(ÊK ; sl2(C)) are given by the
subset of basis of H∗(T̂ 2; sl2(C)), i.e., these generators are expressed as the chains T̂ 2, µ̂
and pt tensored with bases of V2, sl2(C) and V1.
We also give the inverse of Proposition 3.11 needed later.
Proposition 3.13. Under the same notations of Proposition 3.11, the twisted chain com-
plex C∗(Σ2;Cξ) is acyclic if the twisted homology group H∗(ÊK ; sl2(C)) is generated as
follows:
H∗(ÊK ; sl2(C)) ≃

V2 ⊗ T̂ 2 (∗ = 2)
sl2(C) ⊗ µ̂ (∗ = 1)
V1 ⊗ pt (∗ = 0)
0 otherwise.
Proof. It also follows from the Mayer–Vietoris exact sequence (H) and Lemma 3.10. 
We can derive the Reidemeister torsion of Σ2 with the representation 1 ⊕ (ξ ⊕ ξ−1) from
the short exact sequence (S) and bases of homology group as in Lemma 3.10.
Proposition 3.14. Let ρ be an irreducible metabelian SL2(C)-representation of π1(EK)
and ρ′ another one as in Lemma 3.4. We suppose that the twisted chain complex C∗(Σ2; ξ)
is acyclic. Then the absolute value of Reidemeister torsion for Σ2 and ξ is expressed as
|Tor(Σ2; ξ)|2 = 1|H1(Σ2;Z)| · |Tor(ÊK ; sl2(C)) · Tor(H)|
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where the Mayer–Vietoris exact sequence (H) is equipped with bases of twisted homology
groups H∗(T̂ 2; sl2(C)) and H∗(ÊK ; sl2(C)) as in Lemma 3.10.
Proof. Applying the Multiplicativity property of Reidemeister torsion (we refer to [Por97,
Proposition 0.11] and [Yam08, Proposition 2.4.4]) to the short exact sequence (S), we have
the following equality of Reidemeister torsions up to a sign:
(6) Tor(Σ2; sl2(C)) Tor(T̂ 2; sl2(C)) = ±Tor(ÊK ; sl2(C)) Tor(D2 × S 1; sl2(C)) Tor(H)
Here the Reidemeister torsions for T̂ 2, ÊK and D2 × S 1 are defined by non–acyclic chain
complexes. By direct computation, one can show the Reidemeister torsions of T̂ 2 and
D2 × S 1 are equal to ±1 for bases of H∗(T̂ 2; sl2(C)) and H∗(ÊK ; sl2(C)) as in Lemma 3.10.
Next the Reidemeister torsion Tor(Σ2; sl2(C)) turns into the product
Tor(Σ2;C) Tor(Σ2;Cξ) Tor(Σ2;C¯ξ)
by the decomposition given in Lemma 3.9. Moreover the first factor Tor(Σ2;C) turns out
to be the order ±|H1(Σ2;Z)| by [Por04, Proposition 3.10] and Proposition 3.11. The last
factor Tor(Σ2;C¯ξ) coincides with the complex conjugate of Tor(Σ2;Cξ) from the definition.
Combining these results, we can rewrite the equality (6) as
|H1(Σ2;Z)| · |Tor(Σ2;Cξ)|2 = ±Tor(ÊK ; sl2(C)) · Tor(H).

Remark 3.15. The Reidemeister torsion Tor(ÊK ; sl2(C)) and Tor(H) depend on the choice
of basis of H∗(ÊK ; sl2(C)). From the last equality of the proof of Proposition 3.14, it
follows that the product is independent of the choice of basis of the twisted homology
group H∗(ÊK ; sl2(C)) and gives the topological invariant of Σ2.
In particular, when we choose the basis of H∗(ÊK ; sl2(C)) as in Proposition 3.13, the
Reidemeister torsion Tor(H) turns into ±1. However we will consider Tor(ÊK ; sl2(C))
and Tor(H) for another basis of H1(ÊK ; sl2(C)), which is given by the lift of a preferred
longitude.
3.3. Torsion of cyclic covers over knot exteriors. The purpose of this subsection is to
compute the torsion Tor(ÊK ; sl2(C)) using the twisted Alexander polynomial of EK . We
need to observe the twisted homology group of ÊK to apply such a method, which was
developed in [Yam08, DY].
Roughly speaking, the Reidemeister torsion for the non–acyclic twisted chain com-
plex C∗(ÊK ; sl2(C)) agrees with the torsion of the quotient C∗(ÊK ; sl2(C))/C′∗ where C′∗ is
a subchain complex which is isomorphic to the twisted homology group H∗(ÊK ; sl2(C)).
When this decomposition C∗(ÊK ; sl2(C)) = C′∗⊕C∗(ÊK ; sl2(C))/C′∗ also defines chain com-
plexes in the coefficient C(t) ⊗ sl2(C), we can express the torsion of the quotient complex
as the rational function given by the twisted Alexander polynomial for ÊK and a poly-
nomial corresponding to C′∗ with the coefficient C(t) ⊗ sl2(C) and recover the torsion of
C∗(ÊK ; sl2(C))/C′∗, which coincides with the torsion of C∗(ÊK ; sl2(C)), by evaluating this
rational function at t = 1.
To do this, we need to choose a suitable subchain complex C′∗ in C∗(ÊK ; sl2(C)). This
problem is related to the possibility on the choice of basis of H∗(ÊK ; sl2(C)). We begin
with a decomposition of C∗(ÊK ; sl2(C)) to observe H∗(ÊK ; sl2(C)) in detail.
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We denote by G the covering transformation group of ÊK , i.e., G = 〈g | g2 = 1〉. By
the similar way of [DY12, Lemma 4.3 and Eq. 4–8], we can expressed the twisted chain
complex C∗(ÊK ; sl2(C)) as the direct sum of those of the base space EK .
Lemma 3.16. Let f±1 denote (1 ± g)/2 in the group ring C[G]. Then the twisted chain
complex C∗(ÊK ; sl2(C)) is decomposed as
(7) C∗(ÊK ; sl2(C)) ≃ C∗(EK ; sl2(C) ⊗ C[ f1]) ⊕C∗(EK ; sl2(C) ⊗ C[ f−1])
where C∗(EK ; sl2(C)⊗C[ f±1]) is defined by (sl2(C)⊗CC[ f±1])⊗Z[π1(EK )]C∗(E˜K ;Z) via Ad◦ρ′
and the projection π1(EK) → π1(EK)/π1(ÊK) = G.
Moreover we can identify the chain complex C∗(EK ; sl2(C) ⊗ C[ f1]) with the twisted
chain complex C∗(EK ; sl2(C)) defined by Ad ◦ ρ′ and C∗(EK ; sl2(C) ⊗ C[ f−1]) with the
twisted chain complex of EK by (−1)[ · ] · Ad ◦ ρ′.
Proof. It follows from the same way of [DY12, Lemma 4.3] that
C∗(ÊK ; sl2(C)) ≃ (sl2(C) ⊗C C[G]) ⊗Z[π1(EK )] C∗(E˜K ;Z)
where we take the tensor product ⊗Z[π1(EK )] in the right hand side under the adjoint repre-
sentation Ad ◦ ρ′ and the projection π1(EK) → G = π1(EK)/π1(ÊK). This isomorphism is
given by Φ(x ⊗ c) = (x ⊗ 1) ⊗ c. We can think of C[G] as a 2-dimensional vector space
and vectors { f1, f−1} as a basis of C[G]. Together with C[G] = C[ f1] ⊕C[ f−1], we have the
decomposition of C∗(ÊK ; sl2(C)) in our statement.
The element g of G acts on C[G] linearly. The vectors f±1 are the eigenvector for the
eigenvalues ±1 of this action. Therefore we can regard the chain complexes (sl2(C) ⊗
C[ f±1]) ⊗Z[π1(EK )] C∗(E˜K ;Z) as the twisted chain complex of EK with sl2(C) ⊗ C the co-
efficient defined by the representations (Ad ⊗ ρ′) ⊗ (±1)[ · ]. This gives the identification
between (sl2(C) ⊗ C[ f±1]) ⊗Z[π1(EK )] C∗(E˜K ;Z) and the twisted chain complexes of EK de-
fined by Ad ◦ ρ′ and (−1)[ · ](Ad ◦ ρ′). 
Proposition 3.17. The twisted homology H∗(ÊK ; sl2(C)) has the following decomposition:
H∗(ÊK ; sl2(C)) ≃ H∗(EK ; sl2(C)) ⊕ H∗(EK ; sl2(C) ⊗ C−1)(8)
≃ H∗(EK ;C) ⊕ H∗(EK ; sl2(C))⊕2(9)
where C−1 denotes the 1-dimensional representation (−1)[ · ] of π1(EK). Moreover the
twisted homology group H∗(EK ; sl2(C)) is isomorphic to H∗(EK ; V2) whose coefficient V2
is the 2-dimensional vector space for the summand ψ2 in Ad ◦ ρ′.
Proof. The first isomorphism follows from Lemma 3.16. The second summand in the
right hand side of (8) is determined by the twisted chain complex corresponding to the
representation (−1)[ · ](Ad ◦ ρ′) = 1 ⊕ ((√−1 )[ · ] · (−1)[ · ]ρ). The SL2(C)-representation
(−1)[ · ]ρ is conjugate to itself ρ by Proposition 2.13. Thus (−1)[ · ](Ad ◦ ρ′) is conjugate to
1⊕ (√−1 )[ · ]ρ = 1⊕ψ2. This conjugation between representations induces the isomorphism
from twisted homology group H∗(EK ; sl2(C) ⊗ C−1) to H∗(EK ;C) ⊕ H∗(EK ; V2).
We need to show the isomorphism between H∗(EK) and H∗(EK ; V2) for the isomor-
phism (9). The equality Ad ◦ ρ′ = (−1)[ · ] ⊕ (√−1 )[ · ]ρ gives the isomorphism:
H∗(EK ; sl2(C)) ≃ H∗(EK ; V1) ⊕ H∗(EK ; V2)
and the coefficient V1 is the vector space C−1. By direct calculation, we can see that the
homology group H∗(EK ;C−1) = 0 which proves the proposition. 
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Proposition 3.17 shows that the twisted homology group H∗(ÊK ; sl2(C)) is determined
by H∗(EK ; sl2(C)). The possibilities on the choices of basis for H∗(ÊK ; sl2(C)) is also de-
termined by the possibilities for H∗(EK ; sl2(C)). We need to consider which cycles gives a
basis of H1(EK ; sl2(C)).
We focus on cycles given by the preferred longitude in C1(EK ; sl2(C)) for the problem
related to the choices of basis for H1(ÊK ; sl2(C)). This means that we assume that an irre-
ducible metabelian SL2(C)-representation ρ′ is λ-regular where λ is the preferred longitude
on ∂EK .
To describe the basis of H∗(EK ; sl2(C)), we will use the following notations about eigen-
vectors of ρ(µ), which also give eigenvectors of Ad ◦ ρ′(µ).
Definition 3.18. Let ρ and ρ′ denote irreducible metabelian SL2(C)-representations of
π1(EK) which satisfy that Ad ◦ ρ′ = (−1)[ · ] ⊕ (
√
−1 )[ · ]ρ on the ordered basis {H, E, F} of
sl2(C) as in Lemma 3.4. For the matrix ρ(µ) =
(
0
√−1√
−1 0
)
acting on C〈E, F〉, we denote
by Pρ and Qρ eigenvectors 1√
2
(E − F) and 1√
2
(E + F) for the eigenvalues ∓√−1.
Remark 3.19. The vectors Pρ and Qρ are eigenvectors of Adρ′(µ) for the eigenvalues ±1.
Proposition 3.20. Under the assumption that ρ′ is λ-regular, we can choose the following
basis of H∗(ÊK ; sl2(C)):
(10) H∗(ÊK ; sl2(C)) ≃

C〈Pρ ⊗ T̂ 2, Qρ ⊗ T̂ 2〉 (∗ = 2)
C〈H ⊗ µ̂, Pρ ⊗ λ, Qρ ⊗ λ〉 (∗ = 1)
C〈H ⊗ pt〉 (∗ = 0)
where H generates the eigenspace V1 and Pρ and Qρ are the eigenvectors as in Defini-
tion 3.18.
Proof. By Proposition 3.17, we have the isomorphism
H∗(ÊK ; sl2(C)) ≃ H∗(EK ; sl2(C)) ⊕ H∗(EK ; sl2(C) ⊗ C−1)
and the decomposition H∗(EK ; sl2(C)⊗C−1) ≃ H∗(EK ;C)⊕H∗(EK ; V2). We prove the cycles
as in Eq. (10) gives bases of twisted homology groups H∗(EK ; sl2(C)) and H∗(EK ; sl2(C) ⊗
C−1).
We consider the image of chains under the isomorphism Φ from C∗(ÊK ; sl2(C)) to the
direct sum of C∗(EK ; sl2(C) ⊗ C[ f±1]) as in Eq. (7). Under this decomposition, the image
Pρ ⊗ T̂ 2 is expressed as
Φ(Pρ ⊗ T̂ 2) = Pρ ⊗ f1 ⊗ (1 + µ)T 2 + Pρ ⊗ f−1 ⊗ (1 + µ)T 2
= 2Pρ ⊗ f1 ⊗ T 2.
We also have the equality thatΦ(Qρ⊗ T̂ 2) = 2Qρ⊗ f1⊗T 2. It follows from the λ-regularity
of ρ′ that these images of chains Pρ ⊗ T̂ 2 and Qρ ⊗ T̂ 2 gives generators of the homology
groups H2(EK ; sl2(C)) and H2(EK ; V2). Similarly we can show the images of Pρ ⊗ λ and
Qρ ⊗ λ turns into 2Pρ ⊗ λ and 2Qρ ⊗ λ which gives non–trivial homology classes. The
the image Φ(H ⊗ µ̂) turns out to be 2H ⊗ f−1 ⊗ µ since H is also an eigenvector for the
eigenvalue−1 of Ad◦ρ(µ). The cycle H⊗ f−1⊗µ gives a generator of H1(EK ;C) in Eq. (9).
Last it follows from the isomorphism in Proposition 3.17 that H ⊗ pt gives a generator of
H0(EK ;C) ≃ H0(ÊK ; sl2(C)). 
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We now proceed to construct a subchain complex of C∗(ÊK ; sl2(C)) which arises from
the basis in Proposition 3.20.
Definition 3.21. Suppose that an irreducible metabelian representation ρ′ is λ-regular. We
define the subchain complex C′∗ of C∗(ÊK ; sl2(C)) as
0 → C′2 → C′1 → C′0 → 0
C′2 = C〈Pρ ⊗ T̂ 2, Qρ ⊗ T̂ 2〉, C′1 = C〈H ⊗ µ̂, Pρ ⊗ λ, Qρ ⊗ λ〉, C′0 = C〈H ⊗ pt〉.
Note that the restriction of boundary operators are 0-homomorphism and the homology
group H∗(C′∗) coincides with H∗(ÊK ; sl2(C)). We denote by C′′∗ the chain complex defined
as the quotient of C∗(ÊK ; sl2(C)) by C′∗. It follows that C′′∗ is acyclic which is due to the
induced homology long exact sequence from the short exact sequence:
(11) 0 → C′∗ → C∗(ÊK ; sl2(C)) → C′′∗ → 0.
The Reidemeister torsion of the acyclic chain complex C′′∗ coincides with the Reide-
meister torsion of the non–acyclic one C∗(ÊK ; sl2(C)).
Proposition 3.22. We assume that ρ′ is λ-regular and choose a basis of H∗(ÊK ; sl2(C)) as
in Proposition 3.17. Then we have the following equality:
Tor(C′′∗ ) = ±Tor(ÊK ; sl2(C)).
Proof. Applying the Multiplicativity property of Reidemeister torsion to the short exact
sequence (11), we have the equality:
(12) Tor(C′′∗ ) Tor(C′∗) = ±Tor(ÊK ; sl2(C)) Tor(H(C′∗,C∗(ÊK ; sl2(C)),C′′∗ ))
where H(C′∗,C∗(ÊK ; sl2(C)),C′′∗ ) denotes the induced long exact sequence of homology
groups. Since H∗(C′∗) = C′∗, the torsion Tor(C′∗) = ±1 by definition. We have chosen the
basis of H∗(ÊK ; sl2(C)) as the same one of H∗(C′∗). Hence the torsion for the exact sequence
H(C′∗,C∗(ÊK ; sl2(C)),C′′∗ ) also turns out to be ±1. We can rewrite Eq. (12) as that of the
proposition. 
We can also define the following subchain complex in the twisted chain complex with
the variable t for ÊK .
Definition 3.23. Under the assumption that ρ′ is λ-regular, we denote by C′∗(t) the subchain
complex of C∗(ÊK ;C(t) ⊗ sl2(C)) defined by
C′2(t) = C(t)〈1 ⊗ Pρ ⊗ T̂ 2, 1 ⊗ Qρ ⊗ T̂ 2〉,
C′1(t) = C(t)〈1 ⊗ H ⊗ µ̂, 1 ⊗ Pρ ⊗ λ, 1 ⊗ Qρ ⊗ λ〉,
C′0(t) = C(t)〈1 ⊗ H ⊗ pt〉
and the boundary operators are given by
0 → C′2(t)
∂′2−→ C′1(t)
∂′2−→ C′0(t) → 0
∂′2 =

0 0
t2 − 1 0
0 t2 − 1
 , ∂′1 = (t2 − 1 0 0) .
We also denote by C′′∗ (t) the quotient C∗(ÊK ;C(t) ⊗ sl2(C)) by C′∗(t).
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To define subchain complex C′∗(t), we need a closed loop on ∂ÊK whose homology class
is trivial, i.e., which is included in ker p∗α. This is a reason to choose cycles given by the
longitude, corresponding to the generators of H1(ÊK ; sl2(C)) as in the isomorphism (10).
We can recover the torsion of C∗(ÊK ; sl2(C)) by substituting t = 1 into the torsion
of C′′∗ (t), as discussed below. Moreover the torsion of C′′∗ (t) is determined by that of
C∗(ÊK ;C(t) ⊗ sl2(C)). According to the definition of the twisted Alexander polynomial
by M. Wada [Wad94] and interpretation as Reidemeister torsion by P. Kirk and C. Liv-
ingston [KL99], we regard the Reidemeister torsion of the chain complex C∗(ÊK ;C(t) ⊗
sl2(C)) as the twisted Alexander polynomial for ÊK and the pull–back Ad ◦ ρ′ and α.
This viewpoint gives a computation method of Tor(ÊK ; sl2(C)) by evaluation of the twisted
Alexander polynomial.
Proposition 3.24. If ρ′ is λ-regular, then we can express Tor(ÊK ; sl2(C)) with the basis of
H∗(ÊK ; sl2(C)) as in (10) as
Tor(ÊK ; sl2(C)) = ± lim
t→1
∆ÊK ,α⊗Ad◦ρ′(t)
t2 − 1 .
The proof of Proposition 3.24 will be divide into two part. First we need to prove
the torsion of C′′∗ (t) is given by ∆ÊK ,α⊗Ad◦ρ′(t)/(t2 − 1). In the second step, evaluating
this rational function at t = 1 we see the torsion Tor(C′′∗ (t)) turns out to be Tor(C′′∗ ) =
±Tor(ÊK ; sl2(C)) under the isomorphism in Proposition 3.22. The first step is divided into
three lemmas.
Lemma 3.25. The subchain complex C′∗(t) is an acyclic chain complex. The torsion of this
chain complex is equal to ±(t2 − 1).
Proof. This lemma follows from the construction. 
Lemma 3.26. If ρ′ is λ-regular, then the twisted chain complex C∗(ÊK ;C(t) ⊗ sl2(C)) de-
fined by p∗(Ad ◦ ρ′) is acyclic. Moreover the torsion of C∗(ÊK ;C(t) ⊗ sl2(C)) is given by
the twisted Alexander polynomial ∆ÊK ,α⊗Ad◦ρ′(t).
Proof. By [DY12, Lemma 4.3], we have the following decomposition of C∗(ÊK ;C(t) ⊗
sl2(C)):
C∗(ÊK ;C(t) ⊗ sl2(C)) ≃ (C(t) ⊗ sl2(C) ⊗ C[G]) ⊗Z[π1(EK )] C∗(E˜K ;Z)
= (C(t) ⊗ sl2(C) ⊗ C[ f1]) ⊗Z[π1(EK )] C∗(E˜K ;Z)
⊕ (C(t) ⊗ sl2(C) ⊗ C[ f−1]) ⊗Z[π1(EK )] C∗(E˜K ;Z)(13)
where we take tensor product under the representations α, Ad ◦ ρ′ and the projection
π1(EK) → G. The right hand side of Eq. (13) is isomorphic to the direct sum:
C∗(EK ;C(t) ⊗ sl2(C)) ⊕C∗(EK ;C(t) ⊗ (sl2(C) ⊗ C−1)).
Since we assume that ρ′ is λ-regular, the acyclicity of C∗(EK ;C(t) ⊗ sl2(C)) follows from
[Yam08, Proposition 3.1.1]. The second summand C∗(EK ;C(t)⊗ (sl2(C)⊗C−1)) is defined
by α⊗ (−1)[ · ](Ad ◦ρ′). We have seen that the representation (−1)[ · ](Ad ◦ρ′) is conjugate to
1⊕ (√−1 )[ · ]ρ = 1⊕ψ2 in the proof of Proposition 3.17. This conjugation of representation
induces the following isomorphism between the homology groups:
H∗(EK ;C(t) ⊗ (sl2(C) ⊗ C−1)) ≃ H∗(EK ;C(t)) ⊕ H∗(EK ;C(t) ⊗ V2).
It is known that H∗(EK ;C(t)) is trivial and Proposition 3.17 shows that H∗(EK ;C(t) ⊗ V2)
is isomorphic to H∗(EK ;C(t) ⊗ sl2(C)), which is trivial.
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It remains to prove that the torsion of C∗(ÊK ;C(t) ⊗ sl2(C)) coincides with the twisted
Alexander polynomial. This follows from the result of [KL99, Section 4]. 
Lemma 3.27. Under the same hypothesis of Lemma 3.26, the chain complex C′′∗ (t) is also
acyclic and its torsion is expressed as
Tor(C′′∗ (t)) =
∆ÊK ,α⊗Ad◦ρ′(t)
t2 − 1
up to a factor ±tk (k ∈ Z).
Proof. When we consider the homology long exact sequence induced from
(14) 0 → C′(t) → C∗(ÊK ;C(t) ⊗ sl2(C)) → C′′∗ (t) → 0,
we can assert that C′′∗ (t) is also acyclic by Lemmas 3.25 & 3.26. Applying Multiplica-
tivity property for the short exact sequence (14) of acyclic chain complexes, we have the
following equality:
Tor(C′∗(t)) Tor(C′′∗ (t)) = Tor(ÊK ;C(t) ⊗ sl2(C))
We obtain the proposition substituting torsions in Lemma 3.25 & 3.26 into the above equal-
ity. 
We need to show the evaluation of Tor(C′′∗ (t)) gives the torsion Tor(ÊK ; sl2(C)). This
is an application of [Yam08, Proposition 3.3.1] to our situation, which can be rewritten as
follows.
Lemma 3.28 (Proposition 3.3.1 in [Yam08]). If C∗(ÊK ;C(t)⊗ sl2(C)) and C′∗(t) is acyclic,
then the following relation holds:
lim
t→1
Tor(ÊK ;C(t) ⊗ sl2(C))
Tor(C′∗(t))
= ±Tor(ÊK ; sl2(C)).
As an application of this lemma, we can show the proof of Proposition 3.24.
Proof of Proposition 3.24. It follows from Lemmas 3.25, 3.26 and 3.28. 
In fact, Proposition 3.3.1 in [Yam08] includes Proposition 3.22 and Lemma 3.27. They
can make Proposition 3.3.1 in [Yam08] easy to understand.
Remark 3.29. The acyclic chain complexes C∗(ÊK ;C(t) ⊗ sl2(C)) and C′∗(t) correspond to
the non–acyclic complexes C∗(ÊK ; sl2(C)) and C′∗ in evaluating at t = 1. However the
acyclic chain complex C′′∗ (t) corresponds to the acyclic one. It makes sense to take the
evaluation of ∆ÊK ,α⊗Ad◦ρ′(t)/(t2 − 1) as torsions of acyclic chain complexes.
3.4. Torsion of Mayer–Vietoris homology exact sequence. We will express the torsion
of the Mayer–Vietoris exact sequence (H) as the special value of rational function on the
character varieties. This is due to the identification between the twisted homology group
H1(EK ; sl2(C)) and the cotangent space of the SL2(C)-character variety. Roughly speaking,
the rational function expresses the ratio of two 1-forms on the character variety. We will
show that the special value of the rational function at an irreducible metabelian character
gives the torsion of the exact sequence (H).
To observe the torsion of Mayer–Vietoris exact sequence (H), we set the bases of each
homology groups in the sequence. We assume that H∗(Σ2;Cξ) = 0. The coefficient vec-
tor space sl2(C) has the standard basis {E, H, F}. However we set a basis of sl2(C) as
{H, Pρ, Qρ} where Pρ and Qρ are defined as 1√
2
(E ∓ F).
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Lemma 3.30. Suppose that sl2(C) is given by the basis {H, Pρ, Qρ} and ρ′ is λ-regular. If
we choose the bases of H∗(T̂ 2; sl2(C)), H∗(D2 × S 1; sl2(C)) as in Lemma 3.10 and the basis
of H∗(ÊK ; sl2(C)) as in Eq. (10), then the torsion Tor(H) is given by the determinant of the
base change matrix
T =
({i∗(Pρ ⊗ µ̂), i∗(Qρ ⊗ µ̂)}/{Pρ ⊗ λ, Qρ ⊗ λ})
in H1(ÊK ; sl2(C)), where i∗ denotes the induced homomorphism from H1(T̂ 2; sl2(C)) to
H1(ÊK ; sl2(C)) by the inclusion T̂ 2 →֒ ÊK .
Proof. It follows from the definition of torsion for an acyclic complex that the torsion
Tor(H) is equal to the determinant of the isomorphism:
H1(T̂ 2; sl2(C)) → H1(ÊK ; sl2(C)) ⊕ H1(D2 × S 1; sl2(C)),
whose representation matrix is

1 O O
O T O
13 13
 where 13 denotes the 3×3 identity matrix. 
We need to observe where vectors Pρ ⊗ λ and Qρ ⊗ λ live in the decomposition of the
twisted homology group H1(ÊK ; sl2(C)) as in Proposition 3.17:
H1(ÊK ; sl2(C)) ≃ H1(EK ; sl2(C)) ⊕ H1(EK ; sl2(C) ⊗ C−1)
≃ H1(EK ; sl2(C)) ⊕ H1(EK ;C) ⊕ H∗(EK ; V2 ⊗ C−1).
As what we have seen in the proof of Proposition 3.20, the vector Pρ⊗λ is contained in the
first summand H1(EK ; sl2(C)) and Qρ⊗λ is contained in H∗(EK ; V2⊗C−1) ≃ H1(EK ; sl2(C)).
To compute the determinant of the base change matrix T , it is enough to consider the ratio
between two vector Pρ⊗ µ̂ (resp. Qρ⊗ µ̂) and Pρ⊗λ (resp. Qρ⊗λ) in H∗(EK ; sl2(C)). To es-
timate these ratio, we use the formula of change of loops given in [Por97, Proposition 4.7].
We restate it for our situation.
Lemma 3.31 (Proposition 4.7 in [Por97]). Suppose that dimC H1(EK ; sl2(C)) = 1. We
assume that both of Pρ ⊗ µ̂ and Pρ ⊗ λ give bases of H1(EK ; sl2(C)) and denote by [Pρ ⊗
µ̂/Pρ ⊗ λ] the determinant of base change matrix from Pρ ⊗ λ to Pρ ⊗ µ̂.
Then the square of [Pρ ⊗ µ̂/Pρ ⊗ λ] is expressed as the special value of the following
rational function:
(15) [Pρ ⊗ µ̂/Pρ ⊗ λ]2 = I
2
λ
− 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2∣∣∣∣∣∣∣
χ=χρ′
at the character of ρ′.
Combining the Lemmas 3.30 & 3.31, we can give the torsion Tor(H) by the special
value of the rational function on the character variety.
Proposition 3.32. Under the assumption of Lemma 3.30, we can express the torsion
Tor(H) for the Mayer–Vietoris sequence (H) as
Tor(H) = I
2
λ − 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2∣∣∣∣∣∣∣
χ=χρ′
.
Proof. We have the isomorphism induced by the conjugation between (−1)[ · ]ρ and ρ:
H1(EK ; V2 ⊗ C−1) isom.−−−−→ H1(EK ; V2)(≃ H1(EK ; sl2(C)))
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where we can identify H1(EK ; V2) with H1(EK ; sl2(C)) by Proposition 3.17. Under this
isomorphism, the vector Qρ ⊗ µ̂ (resp. Qρ ⊗ λ) in H1(EK ; V2 ⊗ C−1) is sent to the vector
Pρ ⊗ µ̂ (resp. Pρ ⊗ λ) in H1(EK ; sl2(C)). Therefore the determinant of the base change
matrix T in Lemma 3.30 turns into the square of determinant of base change matrix, given
by Eq. (15). 
3.5. Main theorem. From the results in the previous two SubSections 3.3 & 3.4, we can
rewrite the right hand side of the equality in Proposition 3.14 as quantity determined by
the knot exterior EK and π1(EK).
Theorem 3.33. We suppose that H∗(Σ2;Cξ) = 0 and the assumption of Lemma 3.30. Then
we have the following equality:
(16) |Tor(Σ2; ξ)|2 = ±
limt→1 ∆EK ,α⊗ρ(
√
−1 t)
t2 − 1

2 I2λ − 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2∣∣∣∣∣∣∣
χ=χρ′
.
Theorem 3.33 follows from the following three Lemmas which express the twisted
Alexander polynomial ∆ÊK ,α⊗Ad◦ρ′(t) by that of the knot exterior EK .
Lemma 3.34 (Theorem 4.1 in [DY12]).
∆ÊK ,α⊗Ad◦ρ′(t) = ∆EK ,α⊗Ad◦ρ′(t)∆EK ,α⊗Ad◦ρ′(−t)
Lemma 3.35 (Theorem 4.5 in [Yam]).
(17) ∆EK ,α⊗Ad◦ρ′(t) = ±(t − 1)∆K(−t)P(t)
where ∆K(t) is the Alexander polynomial of K and the Laurent polynomial P(t) satisfies
that P(t) = P(−t).
Lemma 3.36 (Theorem 4.7 in [Yam]). The Laurent polynomial P(t) in Eq. (17) is also
given by the twisted Alexander polynomial for the standard representation of ρ as
P(t) = ∆EK ,α⊗ρ(
√
−1 t)
t2 − 1
up to a factor ±tk (k ∈ Z).
Note that it follows that P(t) has only even degree terms from Lemma 3.36 and the result
of C. Herald, P. Kirk and C. Livingston [HKC10] (we refer to [Yam, Remark 4.8] for the
details).
Proof of Theorem 3.33. We start with the equality of Proposition 3.14:
|Tor(Σ2;Cξ)|2 = ±1|H1(Σ2;Z)| · Tor(ÊK ; sl2(C)) · Tor(H)
By Propositions 3.24 & 3.32, we can rewrite the above equality as follows:
|Tor(Σ2;Cξ)|2 = ±1|H1(Σ2;Z)| ·
(
lim
t→1
∆ÊK ,α⊗Ad◦ρ′(t)
t2 − 1
)
· I
2
λ − 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2∣∣∣∣∣∣∣
χ=χρ′
Substituting Lemmas 3.34 & 3.35, the right hand side turns into
±1
|H1(Σ2;Z)| ·
(
lim
t→1
∆K(t)∆K(−t)P(t)P(−t)
)
· I
2
λ − 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2∣∣∣∣∣∣∣
χ=χρ′
.
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Fox’s formula shows that ∆K(1)∆K(−1) = ±|H1(Σ2;Z)| and the Laurent polynomial P(t)
satisfies P(t) = P(−t). Applying Lemma 3.36, we obtain the desired equality:
|Tor(Σ2;Cξ)|2 = ±
limt→1 ∆EK ,α⊗ρ(
√
−1 t)
t2 − 1

2
· I
2
λ − 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2∣∣∣∣∣∣∣
χ=χρ′
.

Remark 3.37. The assumption that C∗(Σ2;Cξ) is acyclic is equivalent to the condition for
an irreducible metabelian representation ρ′ to be µ̂-regular from Propositions 3.11, 3.13
& 3.17. Actually, this is equivalent to that ρ′ is µ-regular since the base change formula (15)
between µ̂ and µ is 4.
Remark 3.38. The assumption of Lemma 3.30 requires that ρ′ is λ-regular. It is a sufficient
condition for each factor in the right hand side of Eq. (16) to be well–defined as a complex
number.
Remark 3.39. The left hand side of Eq. (16) is well–defined as a topological invariant of Σ2
when H∗(Σ2;Cξ) = 0. Theorem 3.33 shows that the product in the right hand side of (16)
is independent of the choice of basis of H∗(EK ; sl2(C)), even though each factor depends
on such a choice, and gives a topological invariant of Σ2, which coincides with the square
of absolute value of Reidemeister torsion defined by a non–trivial GL1(C)-representation
ξ.
4. Application to two–bridge knots
We discuss the twisted Alexander polynomial for irreducible metabelian representations
and the rational function I
2
λ
−4
I2
µ̂
−4
( dÎµ
dIλ
)2
on the character varieties for two–bridge knots. Sub-
section 4.1 deals with the non–hyperbolic two–bridge knots and we will discuss the case
of hyperbolic two–bridge knots in Subsection 4.2.
4.1. Non–hyperbolic two bridge knots. From [HT85] it is known that two–bride knots
have no satellite knots and hence every non–hyperbolic two–bridge knot is a torus knot of
type (2, q) where q is an odd integer. We give explicit forms for the Reidemeister torsion
Tor(EK ; sl2(C)) and the rational function I
2
λ
−4
I2
µ̂
−4
( dÎµ
dIλ
)2
on the character varieties for (2, q)-
torus knots. For simplicity, we assume that q is a positive odd integer.
We start with the description of character varieties of torus knots, according to the lec-
ture note of D. Johnson [Joh]. Here we adopt the following presentation of the knot group
for the (p, q)-torus knot K:
π1(EK) = 〈x, y | xp = yq〉.
Figure 2. The diagram of (2, q)-torus knot K (q > 0) and generators x
and y of π1(EK).
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Proposition 4.1 ([Joh], Proposition 3.7 in [KM]). Let K be the (p, q)-torus knot. Then
Xirr(EK) consists of (p − 1)(q − 1)/2 components, which are determined by the following
data, denoted by Xa,b:
(1) 0 < a < p, 0 < b < q.
(2) a ≡ b mod 2.
(3) For every χ ∈ Xa,b, we have that χ(x) = 2 cos
(
πa
p
)
and χ(y) = 2 cos
(
πb
q
)
. Moreover
irreducible representation ρ, whose character is χ, sends xp(= yq) to (−1)a.
(4) Each component Xa,b is parametrized by Iµ and the characters χ satisfying that
Iµ(χ) = 2 cos(π(ra/p ± sb/q)) are reducible where µ denotes the meridian given
by x−rys and r and s are integers such that ps − qr = 1.
In particular, every Xa,b has the complex dimension one.
Corollary 4.2. If K is the (2, q)-torus knot, then the irreducible components Xirr(EK) con-
sists of (q − 1)/2 components X1,b, which has the local coordinate Iµ, for odd integer b
satisfying 0 < b < q.
From now on, the symbol K denotes (2, q)-torus knot in this subsection. Every character
of irreducible metabelian representation is contained in the subset defined by Iµ = 0 from
Proposition 3.1.
Corollary 4.3. It follows from |∆K(−1)| = q that each component X1,b has only one irre-
ducible metabelian representation as the origin under the local coordinate Iµ.
Proposition 4.4 (Theorem 4.2 in [KM]). We suppose that the character of an irreducible
metabelian representation ρ of π1(EK) is contained in the component X1,b. Then the twisted
Alexander polynomial is expressed as
∆EK ,α⊗ρ(t) = (t2 + 1)
∏
1≤ℓ≤(q−1)/2
ℓ,(q−b)/2
(t2 + ζℓq)(t2 + ζ−ℓq )
where ζq = e2π
√
−1/q
.
We can compute directly the rational function ∆EK ,α⊗ρ(
√
−1t)/(t2 − 1) in Theorem 3.33
and its evaluation at t = 1.
Lemma 4.5. We suppose that the character an irreducible metabelian representation ρ
of π1(EK) is contained in X1,b. The square of P(1) = limt→1 ∆EK ,α⊗ρ(
√
−1t)/(t2 − 1) in
Theorem 3.33 is expressed as
P(1)2 =
(
q
4 sin2( jπ/q)
)2
where j = (q − b)/2.
Proof. By Proposition 4.4 and Lemma 3.36, we can express as P(1) as
P(1) = −
∏
1≤ℓ≤(q−1)/2
ℓ, j
(1 − ζℓq)(1 − ζ−ℓq ).
From the relation that
∏(q−1)/2
ℓ=1 (t− ζℓq)(t− ζ−ℓq ) = 1+ t + · · ·+ tq−1, we can rewrite the above
equality as
P(1) = −q
(1 − ζ jq)(1 − ζ− jq )
=
−q
4 sin( jπ/q) .

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We proceed to compute the rational function I
2
λ
−4
I2
µ̂
−4
( dÎµ
dIλ
)2
. We will see that this function
is constant whole Xirr(EK).
Lemma 4.6. For (2, q)-torus knot K, we have
I2λ − 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2
=
1
q2
on the whole set Xirr(EK).
Proof. It is known that the preferred longitude λ is represented by µ2q x−2 in the torus
knot group π1(EK). We can deduce the relation between the regular functions Iλ and Iµ̂
on the character variety. Let M̂±1 be the eigenvalues of matrix corresponding to µ̂ under
an irreducible representation. By Proposition 4.1, the element x2 is sent to −1 by every
irreducible representation. Hence the function Iλ is given by −(M̂q + M̂−q). Since M̂±1 is
given by 12
(
Iµ̂ ±
√
I2
µ̂
− 4
)
, we can express the function Iλ as
Iλ = − 12q
{(
Iµ̂ +
√
I2
µ̂
− 4
)q
+
(
Iµ̂ −
√
I2
µ̂
− 4
)q}
.
The derivative of Iλ by Iµ̂ is given by
dIλ
dIµ̂
=
−q√
I2
µ̂
− 4
· 1
2q
{(
Iµ̂ +
√
I2
µ̂
− 4
)q
−
(
Iµ̂ −
√
I2
µ̂
− 4
)q}
=
−q√
I2
µ̂
− 4
(M̂q − M̂−q).
Taking square of both sides, we have the equality:(
dIλ
dIµ̂
)2
=
q2
I2
µ̂
− 4 · ((M̂
q
+ M̂−q)2 − 4)
=
q2
I2
µ̂
− 4 · (I
2
λ − 4),
which gives the desired relation. 
We recall the Reidemeister torsion for Σ2. It is known that the double branched cover
along (2, q)-torus knot is the lens space of type (q, 1). We denote by γ a generator of
π1(Σ2) = π1(L(q, 1)), i.e.,
π1(Σ2) = 〈γ | γq = 1〉.
Proposition 4.7. Let K be a (2, q)-torus knot and ξ a non–trivial homomorphism from
π1(Σ2) to GL1(C) sending γ to e2π
√
−1/q
. We denote by ξ j the homomorphism of π1(Σ2)
sending γ to e2π
√
−1 j/q
. Then The Reidemeister torsion for Σ2 and ξ j ⊕ ξ− j is expressed as
Tor(Σ2;Cξ j ⊕ Cξ− j ) =
1(
4 sin2( jπ/q)
)2 .
Proof. The Reidemeister torsion Tor(Σ2;Cξ j ⊕Cξ− j ) for the direct sum representation turns
into the product:
Tor(Σ2;Cξ j ) · Tor(Σ2;Cξ− j ).
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We can see that ξ− j is the same as ξ j since the image by ξ is contained in the unit circle of
C. Hence the Reidemeister torsion for ξ− j is the complex conjugate of Tor(Σ2;Cξ j ). It is
known that the Reidemeister torsion Tor(Σ2;Cξ j ) is given by
(ζ jq)ℓ
(1 − ζ jq)2
where ζq = e2π
√
−1/q and ℓ ∈ Z. Therefore Tor(Σ2;Cξ j ⊕ Cξ− j ) turns out to be
1
(1 − ζ jq)2(1 − ζ− jq )2
which completes the proof. 
Remark 4.8. For precise presentations of π1(Σ2) and ξ, we refer to Lemma 4.14. The
conjugacy class [ρ] of metabelian representations in X1,b corresponds to [ρk] for k = (q −
b)/2 in Lemma 4.14.
We can check our formula in Theorem 3.33. We choose an irreducible metabelian
representation ρ whose character is contained in the component X1,b, where 1 < b < q and
b is odd. The right hand side of (16) turns into the product
P(1)2 · I
2
λ
− 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2
=
(
q
4 sin2( jπ/q)
)2 1
q2
=
(
1
4 sin2( jπ/q)
)2
where j = (q− b)/2. This value agrees with the Reidemeister torsion Tor(Σ2;Cξ j ⊕Cξ− j ) in
Proposition 4.7.
4.2. Hyperbolic two bridge knots. We will show that every irreducible metabelian rep-
resentation is λ-regular for hyperbolic tow–bridge knot groups. This guarantees that the
torsion Tor(ÊK ; sl2(C)) is non–zero and Tor(H) does not diverge. We will derive the λ-
regularity from the Property L of hyperbolic two–bridge knots.
We recall the definition of Property L of knots, which follows the paper [BBRW10] by
M. Boileau, S. Boyer, A. Reid and S. Wang.
Definition 4.9. Let K be a knot in S 3. We denote by K(0) the manifold obtained from by
a longitudinal surgery on K. We say that K has Property L if the SL2(C)-character variety
of the manifold K(0) contains only finitely many characters of irreducible representations.
Proposition 4.10 (Proposition 1.10 in [BBRW10]). If K be a hyperbolic two–bridge knot,
then K has Property L.
Property L means that the character variety X(K(0)) consists of only points. This prop-
erty gives us the λ-regularity of an irreducible metabelian representation.
Proposition 4.11. Suppose that ρ is an irreducible metabelian SL2(C)-representation of
π1(EK). Then ρ is λ-regular if and only if dimC X(K(0)) = 0 at the character of ρ and its
character is a smooth point of X(K(0)).
Note that every metabelian SL2(C)-representation sends the longitude λ to 1. This
means that all metabelian representations induce homomorphism from the fundamental
group π1(K(0)) = π1(EK)/〈〈 λ 〉〉 into SL2(C). We use the symbol ρ¯ for the induced repre-
sentation of π1(K(0)) by ρ.
Corollary 4.12. If K is a hyperbolic two–bridge knot, then all irreducible metabelian
SL2(C)-representations of π1(EK) is λ-regular.
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Proof. It follows from Hilbert’s Nullstellensatz and Propositions 4.10 that each component
of the character variety X(K(0)) is defined by the maximal ideal (X1 − a1, X2 − a2, . . . , ).
By direct calculation, we can check that every conjugacy class of irreducible metabelian
representations satisfies the conditions to be λ-regular in Proposition 4.11. 
Proof of Proposition 4.11. We assume that an SL2(C)-representation ρ is irreducible and
metabelian. First it follows from a Lin presentation (we refer to [NY, Lemma 2]) that
the induced homomorphism of π1(EK)/〈〈 λ 〉〉 is also irreducible. From the construction of
K(0) = EK ∪D2×S 1, in which the meridian circle ∂D2×{∗} is glued along the longitude λ,
we have the Mayer–Vietoris exact sequence of homology group with the coefficient sl2(C):
· · · → Hi+1(K(0)) → Hi(∂EK) → Hi(EK) ⊕ Hi(D2 × S 1) → Hi(K(0)) → · · ·
Since both representations of π1(EK) and π1(K(0)) are irreducible, in particular which are
non–abelian, it follows that H0(EK ; sl2(C)) = 0 and H0(K(0); sl2(C)) ≃ H3(K(0); sl2(C)) =
0. Since Ad◦ρ(µ) has eigenvalues±1 and the multiplicity of −1 is 2, we choose Pρ ∈ sl2(C)
as an eigenvector of the eigenvalue 1. Then the twisted homology groups H∗(∂EK ; sl2(C))
and H∗(D2 × S 1; sl2(C)) is expressed as
H∗(∂EK; sl2(C)) ≃

C〈Pρ ⊗ T 2〉 (∗ = 2)
C〈Pρ ⊗ µ, Pρ ⊗ λ〉 (∗ = 1)
C〈Pρ ⊗ pt〉 (∗ = 0)
,
H∗(D2 × S 1; sl2(C)) ≃
C〈P
ρ ⊗ µ〉 (∗ = 1)
C〈Pρ ⊗ pt〉 (∗ = 0)
Now we start with if part. The assumption on X(K(0)) deduces that
0 = dimC X(K(0)) = dimC T Zarχρ¯ X(K(0)) = dimC H1(K(0); sl2(C))
where T Zarχρ¯ X(K(0)) denotes the Zariski tangent space at the character χρ¯. The second
equality follows from that the character χρ¯ is a smooth point and the third equality from that
ρ¯ is irreducible. We have also H2(K(0); sl2(C)) = 0 by Poincare´ duality and the universal
coefficient theorem. Substituting these results in the Mayer–Vietoris exact sequence, we
have
(18) H2(EK ; sl2(C)) = C〈Pρ ⊗ T 2〉, H1(EK ; sl2(C)) = C〈Pρ ⊗ λ〉,
which means ρ is λ-regular.
If ρ is λ-regular, then we can express the twisted homology group H∗(EK ; sl2(C)) as
Eq. (18). Using Mayer–Vietoris exact sequence, we obtain that H∗(K(0); sl2(C)) = 0. The
following inequality of dimensions implies that dimC X(K(0)) = 0 and the character χρ¯ is
a smooth point:
0 ≤ dimC X(K(0)) ≤ dimC T Zarχρ¯ X(K(0)) = dimC H1(K(0); sl2(C)).

For every two–bridge knot, each factor in the right hand side of Eq. (16) is defined
as non–zero number since H∗(Σ2;Cξ) = 0. It is known that isotopy types of two–bridge
knots correspond to topological types of double branched covers, i.e., lens spaces. The set
of Reidemeister torsions for lens spaces and ξk ⊕ ξ−k distinguishes topological types of
lens spaces. To be more precisely, Reidemeister torsion distinguishes the PL–isomorphism
types of lens space, however since we have no differences between the PL–category and
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the topological category in the three–dimensional topology, we can say that the Reide-
meister torsion is a topological invariant. Together with Theorem 3.33, we can conclude
the following theorem regarding the set of rights hand side in Eq. (16) as an invariant of
two–bridge knots.
Theorem 4.13. Let K be a two–bridge knot. For every irreducible metabelian SL2(C)-
representation of π1(EK), we have
• ∆EK ,α⊗ρ(
√−1t)/(t2−1) turns into a Laurent polynomial and gives a non–zero com-
plex number at t = 1;
• the rational function I2λ−4I2
µ̂
−4
( dÎµ
dIλ
)2
gives a non–zero complex number at the character
of ρ.
Moreover the set of the following products as in Eq. (16):∣∣∣∣∣∣∣∣
limt→1 ∆EK ,α⊗ρ(
√
−1 t)
t2 − 1

2 I2
λ
− 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2∣∣∣∣∣∣∣
χ=χρ′
∣∣∣∣∣∣∣∣
for (|∆K(−1)| − 1)/2 characters of irreducible metabelian representations distinguishes
isotopy classes of two–bridge knots up to mirror images.
Proof. Without loss of generality, we can assume that two–bridge knots K and K′ have
the same knot determinant |∆K(−1)| = |∆K′ (−1)| = p. This means that the corresponding
double branched covers are L(p, q) and L(p, q′). The Reidemeister torsion of L(p, q) with
ξ ⊕ ξ−1 for some GL1(C)-representation of π1(L(p, q)) is expressed as((ζ − 1)(ζr − 1)(ζ−1 − 1)(ζ−r − 1))−1
where ζ is a p-th root of unity and r satisfies that qr ≡ 1 mod p. Since we suppose that the
set of the Reidemeister torsions for L(p, q) coincides with that for L(p, q′). Hence we can
find the Reidemeister torsion for L(p, q′) satisfies that
(ζ − 1)(ζr − 1)(ζ−1 − 1)(ζ−r − 1) = (ζk − 1)(ζkr′ − 1)(ζ−k − 1)(ζ−kr′ − 1)
Hence we have the following equivalent relations from the same argument in [Tur01, Proof
of Theorem 10.1] and Franz Independent Lemma:
1 ≡ ±k, r ≡ ±kr′ or 1 ≡ ±kr′, r ≡ ±k (mod p).
This condition derives that q′ ≡ ±q or q′ ≡ ±q±1. When q′ is congruent to q±1, two
lens spaces are orientation preserving homeomorphic which means that K and K′ are iso-
topic. In the other case, two lens spaces are orientation reversing homeomorphic and K is
isomorphic to the mirror image of K′. 
Last, we discuss how to compute the twisted Alexander polynomial and the rational
function on the character varieties for hyperbolic two–bridge knot exteriors. To compute
them, we need explicit forms for irreducible metabelian representations from a hyperbolic
two–bridge knot group into SL2(C). It is useful for this purpose to apply Riley’s method to
make non–abelian SL2(C)-representations of two–bridge knot groups. Let K be a hyper-
bolic two–bridge knot. We start with the following presentation of π1(EK) obtained from a
Wirtinger presentation:
(19) π1(EK) = 〈x, y |wx = yw〉
where x and y are meridians and w is a word in x and y as in Figure 3.
By the method [Ril84], we have the following explicit form of irreducible metabelian
SL2(C)-representation of π1(EK).
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Figure 3. The generators x and y for a two–bridge knot K
Lemma 4.14 (Theorem 3 in [NY]). Let p denote |∆K(−1)|. For all conjugacy classes of
irreducible metabelian SL2(C)-representations, we can choose the following representa-
tives:
{[ρk] | k = 1, . . . , (p − 1)/2}
where ρk is an irreducible SL2(C)-representation given by the correspondence:
x 7→
(√−1 −√−1
0 −
√
−1
)
, y 7→
( √−1 0
−
√
−1uk −
√
−1
)
(uk = (ekπ
√
−1/p − e−kπ
√
−1/p)2).
Moreover the representative ρk corresponds to the GL1(C)-representation ξk:
ξk : π1(Σ2) = 〈γ | γp = 1〉 ∋ γ 7→ e2kπ
√
−1/p ∈ GL1(C)
where γ is a lift of xy−1 in π1(EK) into π1(Σ2).
The twisted Alexander polynomial. We simply denote by ρ an irreducible metabelian
representation in Lemma 4.14. We follow the definition and computation of the twisted
Alexander polynomial along Wada’s way. The twisted Alexander polynomial for EK and
ρ is expressed as
∆EK ,α⊗ρ(t) =
det
(
α ⊗ ρ
(
d
dx wxw
−1y−1
))
det(t ρ(y) − 1)
where ddx denotes the Fox differential by x.
The Fox differential ddx wxw
−1y−1 turns into w + (1 − wxw−1) ddx w. The numerator is
a Laurent polynomial whose coefficients are polynomials in C[uk]. The denominator
det(tρ(t) − 1) turns into t2 + 1.
The rational function. To express the rational function I
2
λ
−4
I2
µ̂
−4
( dÎµ
dIλ
)2
, we need to find which
representative gives another metabelian ρ′ whose adjoint representation is conjugate to
(−1)[ · ] ⊕ (√−1 )[ · ]ρ.
Proposition 4.15. We assume that ρ denotes ρk in Lemma 4.14. Then we can choose
another metabelian representation ρ′ in Theorem 4.13 as ρk′ in Lemma 4.14 where k′ is an
integer in {1, . . . , (p − 1)/2} satisfying 2k′ ≡ k or 2k′ ≡ −k mod p.
Proof. We compare the traces of the images of xy−1 by Ad ◦ ρ′ and (−1)[ · ] ⊕ (√−1 )[ · ]ρ.
Under the notation in Lemma 4.14, the traces of ρ(xy−1) and ρ′(xy−1) are equal to uk + 2
and uk′ + 2. If an SL2(C)-element A has the eigenvalues ζ±1, then the adjoint action has the
eigenvalues ζ±2 and 1. Hence the trace of Ad ◦ ρ′(xy−1) is expressed as
tr
(
Ad ◦ ρ′(xy−1)) = 1 + (uk′ + 2)2 − 2 = (uk′ + 2)2 − 1.
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Since the homology class of xy−1 is trivial, the trace of the corresponding matrix by
(−1)[ · ] ⊕ (√−1 )[ · ]ρ is expressed as
tr
((−1)[xy−1] ⊕ (√−1)[xy−1]ρ(xy−1)) = 1 + uk + 2.
Since these traces are same, we have the equality:
(e2k′π
√
−1/p
+ e−2k
′π
√
−1/p)2 = (ekπ
√
−1/p
+ e−kπ
√
−1/p)2
We can rewrite this as
cos
2k′π
p
= ± cos kπ
p
which means that 2k′ = k or 2k′ = p − k. 
It is known that λ is expressed as ←−wwx−2σ in the presentation (19) where ←−w is the word
of reverse order of w and σ is an integer given by the sum of exponents of x and y in w.
Riley’s construction of non–abelian representations follows from the correspondence:
(20) x 7→
(√
s 1/
√
s
0 1/
√
s
)
, y 7→
( √
s 0
−u√s 1/√s
)
and the equality:
(21) W1,1 + (1 − s)W1,2 = 0
where Wi, j is the (i, j)-entry of the matrix corresponding to w. The left hand side of Eq. (21)
is a polynomial in s + 1/s and u. Hence we can regard the trace function Iλ as a function
on s + 1/s, in particular, a function on Iµ̂ = Iµ2 .
Let ρ√s,u denote the SL2(C)-representation defined by the correspondence in Eq. (20).
From Remark 3.7, the trace function Iλ gives 2 at (s, u) = (−1, uk′). More precisely, the
behavior of Iλ is expressed as follows.
Proposition 4.16. We can express the trace function Iλ as a function
Iλ − 2 = −I2µ · H(Iµ) and H(0) , 0
on Iµ near (s, u) = (−1, uk′) and the value of the rational function I
2
λ
−4
I2
µ̂
−4
( dÎµ
dIλ
)2
at the charac-
ter of ρ′ as
I2
λ
− 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2∣∣∣∣∣∣∣
χ=χρ′
=
1
H(0) .
Proof. The character of ρ′ corresponds to the pair (−1, uk′). The function Iλ − 2 has zero at
((−1, uk′)). Hence Iλ − 2 is expressed as Ikµ · H(Iµ) locally where k is a positive integer and
H(0) , 0. Theorem 4.13 guarantees that the rational function I2λ−4I2
µ̂
−4
( dÎµ
dIλ
)2
is well–defined as
a non–zero complex number, which deduces k = 2.
We can rewrite the rational function I
2
λ
−4
I2
µ̂
−4
( dÎµ
dIλ
)2
as
I2λ − 4
I2
µ̂
− 4
(dIµ̂
dIλ
)2
=
I2λ − 4
I2µ − 4
I2µ − 4
I2
µ̂
− 4
(dIµ̂
dIµ
)2 (dIµ
dIλ
)2
= 4
I2λ − 4
I2µ − 4
(dIµ
dIλ
)2
since Iµ̂ is I2µ − 2. Substituting Iλ = −I2µ · H(Iµ), we can deduce the proposition. 
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Remark 4.17. If we choose a parameter as Iµ̂(= s+ 1/s), then we have Iλ = −(Iµ̂ + 2)Ĥ(Iµ̂)
where Ĥ(−2) , 0. The value of I2λ−4I2
µ̂
−4
( dÎµ
dIλ
)2
is given by 1/Ĥ(−2).
In the case that K is the figure eight knot, the Alexander polynomial ∆K(t) is t2 − 3t+ 1.
We have the two conjugacy classes of irreducible metabelian representations of π1(EK)
since |∆K(−1)| = 5. For every irreducible metabelian representation ρ, the twisted Alexan-
der polynomial ∆EK ,α⊗ρ(t) is given by t2 + 1 (we refer to [Yam, Section 5.2]). From Ex-
ample 1 in [Por97, Section 4.4], we can see that Iλ − 2 = −I2µ(−I2µ + 5). Therefore every
metabelian representation gives the product in Theorem 4.13 as(
lim
t→1
−t2 + 1
t2 − 1
)2 1
−02 + 5 =
1
5 .
This coincides with the Reidemeister torsion of Σ2 = L(5, 3) for ξk ⊕ ξ−k(
1
4 sin(2kπ/5) sin(kπ/5)
)2
=
1
5
for k = 1, 2.
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